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Course roadmap
• Week 1 (Foundations)

ü Lecture 1: Why calorimetry?
ü Lecture 2: EM shower physics

• Week 2 (Physics depth)
ü Lecture 3: Hadronic shower physics

ü Lecture 4: Energy resolution from first principles

• Week 3 (Technology)
ü Lecture 5: Calorimeter Technologies (real-life EM and Hadronic calorimeters)
ü Lecture 6: Calorimeter Design

• Week 4 (Systems & Future)
ü Lecture 7: Signal chain, readout, calibration

ü Lecture 8: Future calorimetry
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H
Higgs boson

2012: CERN

What particle do we measure with calorimeters?

Marco Delmastro Calorimetry in Particle Physics Experiments | Lecture 2 3

electromagnetic 
calorimeter

electromagnetic 
calorimeter

Note that at energy > 1 TeV muon calorimetry becomes possible as muons in lead/iron 
undergo interaction processes where the energy loss is proportional to the muon energy



Today’s Lecture
• Week 1 (Foundations)

üLecture 1: Why calorimetry?

üLecture 2: EM shower physics
• 2.1 Photon Interactions in Matter

• 2.2 Charged-Particle Interactions in Matter
– “Heavy” particle (M>>me ; e.g. muons)

– Electrons

• 2.3 Electromagnetic Shower development

• 2.4 From Particle Physics To Calorimeter Design
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Photon Interactions
in Matter

2.1
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dI = −µ I dx
[ µ : absorption coefficient ]

I(x) = I0e
−µx

➛

λ = 1/µ = 1/nσ
[ mean free path ]

Characteristic for interactions of 
photons with matter: 

A single interaction 
removes photon from beam !

I

I - dI

depends on
E, Z, ρ

Beer-Lambert law:

with

Possible Interactions

Photoelectric Effect
Compton Scattering
Pair Production

Rayleigh Scattering (γA ➛ γA; A = atom; coherent)
Thomson Scattering (γe ➛ γe; elastic scattering)
Photo Nuclear Absorption (γΚ ➛ pK/nK)
Nuclear Resonance Scattering (γK ➛ K* ➛ γK)
Delbruck Scattering (γK ➛ γK)
Hadron Pair production (γK ➛ h+h– K)

Interactions of Photons with MatterCharacteristics of photon interactions with matter

• A single interaction remove photon from beam!

• Possible interactions:
ü Photoelectric effect
ü Compton scattering

ü Pair production

ü Rayleigh Scattering (γA ➛ γA; A = atom; coherent)
ü Thomson Scattering (γe ➛ γe; elastic scattering)

ü Photo Nuclear Absorption (γΚ➛ pK/nK)
ü Nuclear Resonance Scattering (γK ➛ K* ➛ γK)

ü Delbruck Scattering (γK ➛ γK)
ü Hadron Pair production (γK ➛ h+h– K)
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I(x) = I0e
→µx
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ω =
1

µ
=

1

nε

x = mass thickness [g/cm2] 
𝜇 = mass attenuation 

coefficient [cm2/g] 
(depends on E, Z, 𝜌)

Beer-Lamber law

mean free path [g/cm2]



Interactions of Photons with Matter
24 27. Passage of particles through matter

Photon energy
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Figure 27.16: The photon mass attenuation length (or mean free path) λ =
1/(µ/ρ) for various elemental absorbers as a function of photon energy. The
mass attenuation coefficient is µ/ρ, where ρ is the density. The intensity I
remaining after traversal of thickness t (in mass/unit area) is given by I = I0

exp(−t/λ). The accuracy is a few percent. For a chemical compound or
mixture, 1/λeff ≈

∑
elements wZ/λZ , where wZ is the proportion by weight of

the element with atomic number Z. The processes responsible for attenuation
are given in Fig. 27.10. Since coherent processes are included, not all these
processes result in energy deposition. The data for 30 eV < E < 1 keV are
obtained from http://www-cxro.lbl.gov/optical constants (courtesy of
Eric M. Gullikson, LBNL). The data for 1 keV < E < 100 GeV are from
http://physics.nist.gov/PhysRefData, through the courtesy of John H.
Hubbell (NIST).

27.4.4. Energy loss by photons : Contributions to the photon cross section in a
light element (carbon) and a heavy element (lead) are shown in Fig. 27.14. At
low energies it is seen that the photoelectric effect dominates, although Compton
scattering, Rayleigh scattering, and photonuclear absorption also contribute. The
photoelectric cross section is characterized by discontinuities (absorption edges)
as thresholds for photoionization of various atomic levels are reached. Photon
attenuation lengths for a variety of elements are shown in Fig. 27.16, and data for
30 eV< k <100 GeV for all elements is available from the web pages given in the
caption. Here k is the photon energy.

The increasing domination of pair production as the energy increases is shown

February 2, 2010 15:55

from PDG

Absorption length vs Energy
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ω =
1

µ
=

1

nε



Absorption length & interaction cross section
• Three dominant processes, cross-section depends on E and 

traversed material Z
ü Photoelectric effect

• σ ~ Z5 / E3.5

• dominant at low E (<100 keV)

ü Compton scattering
• σ ~ Z / E
• dominant at intermediate E (0.1–10 MeV)

ü Pair production
• σ ~ Z2 ln(E)
• dominant at high E (>10 MeV in heavy materials)
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Photon Energy

1 Mb

1 kb

1 b

10 mb
10 eV 1 keV 1 MeV 1 GeV 100 GeV

(b) Lead (Z = 82)
- experimental σtot

σp.e.

κe

C
ro

ss
 se

ct
io

n 
 (b

ar
ns

/a
to

m
)

C
ro

ss
 se

ct
io

n 
 (b

ar
ns

/a
to

m
)

10 mb

1 b

1 kb

1 Mb
(a) Carbon (Z = 6)

σRayleigh

σg.d.r.

σCompton

σCompton

σRayleigh

κnuc

κnuc

κe

σp.e.

- experimental σtot

<latexit sha1_base64="Zip9YFEtcxPGLb1hq16Wtn4LEfc=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEurDMiFQ3QtGN3VWwD2jHIZOmbWiSGZKMtAwFf8WNC0Xc+h3u/BvTdhbaeuDC4Zx7ufeeIGJUacf5tjJLyyura9n13Mbm1vaOvbtXV2EsManhkIWyGSBFGBWkpqlmpBlJgnjASCMY3Ez8xiORiobiXo8i4nHUE7RLMdJG8u2DSmF4Aq9gxXcgeUhO2zyGw7Fv552iMwVcJG5K8iBF1be/2p0Qx5wIjRlSquU6kfYSJDXFjIxz7ViRCOEB6pGWoQJxorxkev4YHhulA7uhNCU0nKq/JxLElRrxwHRypPtq3puI/3mtWHcvvYSKKNZE4NmibsygDuEkC9ihkmDNRoYgLKm5FeI+kghrk1jOhODOv7xI6mdFt1Qs3Z3ny9dpHFlwCI5AAbjgApTBLaiCGsAgAc/gFbxZT9aL9W59zFozVjqzD/7A+vwBSB2TzQ==</latexit>

I(x) = I0e
→µx

NA = Avogadro's number
A = atomic weight
σ = total cross-section for 
photon absorption
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µ = nω =
NA

A
ωx



Photoelectric effect

• Can be considered as an interaction between a photon and an 
atom as a whole

• Happens if a photon has energy Eγ > Eb (binding energy of an 
electron)
ü Photon energy is fully transferred to the electron

ü Electron is ejected with energy T = Eγ - Eb

• Discontinuities in the cross-section due to discrete energies Eb 
of atomic electrons
ü modulations at Eγ = Eb = EL, EK, …

• Dominating process at low γ energies (<100 keV)
ü Especially in high Z material
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Following emission of “photoelectron”, atom is in an excited state. De-
excitation occurs via two effects:
• Fluorescence:  Atom*+ → Atom*+ + γ (X-rays)
• Auger effect:  Atom*+ → Atom*++ + e- (Auger electrons, E ~ 10 KeV)



Photoelectric effect
• “Low” energy (I0 < Eγ << me)
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ωph = 2εr2eϑ
4Z5(me/Eω) → Z5E→1

ω

• “High” energy (Eγ >> me)

I0 = ionization potential
𝛼 = fine structure constant
re = 𝛼/me = classical electron radius
aB = 1/(meα) = Bohr radius
re = α² aB

• Example
ü aB = 0.53 10-10 m 
ü I₀ = 88 keV (Pb K-edge)
ü Z = 82 (Pb)
ü Eγ = 100 KeV (just above the K-edge)
ü σph(Pb) ~ 20 kb (PDG)
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ωph = εϑaBZ
5(I0/Eω)

7/2 → Z5E→7/2
ω

~20 kb

100 keV



Compton scattering

• Electrons in matter are bound, but when 
Eγ >> binding electron energy electron 
can be considered as “free”

• Compton scattering = scattering of γ on 
quasi-free atomic electrons

• A fraction of Eγ is transferred to the 
electron, Eγ’ < Eγ

• Dominating process at intermediate γ
energies (0.1–10 MeV)
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ω + e → ω→ + e

𝛄

𝛄’

e
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Eω→

Eω
=

1

1 + (Eω/me) cos ωω

• 𝜃γ = 0 à forward scattering à Ek
e = 0

ü Initial photon can give all its energy to final photon…
• 𝜃γ = π à backward scattering à Ek

e = Emax ; E𝛄’
 = Emin

ü … but not to electron!

ü Photon cannot be completely absorbed by Compton Scattering

<latexit sha1_base64="PJ7l3sAiIOsFRjGpXIweJ7adVys="></latexit>

Ee
k = Eω → Eω→ = Eω

(1→ cos ωω)(Eω/me)

1 + (Eω/me)(1→ cos ωω)



Compton scattering

• Complete transfer of γ energy to electron via 
Compton scattering is not possible
ü Important for single photon detection: photon 

cannot be completely absorbed and the scattered 
electron misses a small amount of initial energy
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• 𝜃γ = π à backward scattering
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Ee
k,max = Eω

2(Eω/me)

1 + 2(Eω/me)
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Eω→,min = Eω
1

1 + 2(Eω/me)
Example:
Eγ = hν = 1 MeV 
Eγ’, min = 0.2 MeV
Ee

k, max = 0.8 MeV

Compton Edges



Compton scattering
• Klein-Nishina Formula (LO QED) for differential and total cross sections
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σc =σa +σs 

a=absorbed component 
s=scattered component
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ωC = ωT (1→ Eω/me)

• “Low” energy (Eγ << me)

• “High” energy (Eγ >> me)

Thompson cross-section
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ωC → logEω

Eω
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ωatom
C = Zωe

C

σs = Eγ’,min/Eγ σc 

me
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ωT =
8ε

3r2e
= 0.66 barn



Pair production
• An electron-positron pair can be created when 

(and only when) a photon passes by the Coulomb 
field of a nucleus or atomic electron
ü This is needed for momentum conservation!
ü It is a threshold process

• Threshold: e+e-  rest masses + recoil energy of 
nucleus or electron

• Dominating process at high γ energies (>10 MeV)
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Pair production in the field of the nucleus Pair production in the field of an electron
(strongly suppressed: probability ~ 1/Z)
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Eω > 2me

(
1 +

me

mX

)

mX = mN or me

Eγ ~ 2 me near nucleus
Eγ = 4 me near electron

Pb plate

γ

production of an electron-positron pair 
by a high-energy photon in a Pb plate



Pair production
• Cross section for Eγ >> me 

ü Accurate within a few percent down to energies 
as low as 1 GeV, particularly for high-Z materials
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ωpair →
7

9

A

NA

1

X0

𝜇 = mass attenuation coefficient [cm2/g] 
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I(x) = I0e
→µx
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Radiation length [g cm-2]
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µ = nω =
NA

A
ωx
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7
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X0
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I(x) = I0e
→ 7

9
x

X0

The intensity of a photon beam 
traversing a block of material with 
thickness X = 9/7 X0 is reduced by 
a factor 1/e.

X0 corresponds to the thickness of 
material where pair creation has a 
probability P = 1–e-7/9 ~ 54%



Radiation Length
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Material X₀ (g/cm²) ρ (g/cm³) x₀ (cm)

Pb 6.37 11.35 0.56

Fe 13.84 7.87 1.76

Cu 12.86 8.96 1.44

Al 24.01 2.7 8.9

Air 36.66 1.205 × 10⁻³ 30 420

Water 36.08 1 36.1

H₂ (liq.) 63.05 0.0708 890

PbWO₄ 7.39 8.28 0.89

BGO 7.97 7.13 1.12

LAr 19.55 1.396 14
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Exercise: Radiation length values
• Three options

1. Search tabulated value on PDG!
2. Compute from full formula

3. Compute from approximated formulas…

• What is the X0 of Pb?
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Exercise: Radiation length values
• Three options

1. Search tabulated value on PDG!
2. Compute from full formula

3. Compute from approximated formulas…
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• What is the X0 of Pb?
ü https://pdg.lbl.gov/2015/At

omicNuclearProperties/H
TML/lead_Pb.html

ü APb = 207
ü ZPb = 82

X0
 = 5.5 g cm-2\

X0
 = 6.3 g cm-2

X0
 = 6.3 g cm-2

https://pdg.lbl.gov/2015/AtomicNuclearProperties/HTML/lead_Pb.html
https://pdg.lbl.gov/2015/AtomicNuclearProperties/HTML/lead_Pb.html
https://pdg.lbl.gov/2015/AtomicNuclearProperties/HTML/lead_Pb.html
https://pdg.lbl.gov/2015/AtomicNuclearProperties/HTML/lead_Pb.html


Exercise: Radiation length values

• Don’t forget that to have a physical length 
one needs to consider the material density!

ü X0
Pb = 6.37 g cm-2

ü ρPb = 11.35 g cm-3

ü x0
Pb = X0

Pb / ρPb = 0.56 cm
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Interactions of Photons with Matter

22 27. Passage of particles through matter
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Figure 27.14: Photon total cross sections as a function of energy in carbon
and lead, showing the contributions of different processes:

σp.e. = Atomic photoelectric effect (electron ejection, photon
absorption)

σRayleigh = Rayleigh (coherent) scattering–atom neither ionized nor excited
σCompton = Incoherent scattering (Compton scattering off an electron)

κnuc = Pair production, nuclear field
κe = Pair production, electron field

σg.d.r. = Photonuclear interactions, most notably the Giant Dipole
Resonance [48]. In these interactions, the target nucleus is
broken up.

27.4.3. Critical energy : An electron loses energy by bremsstrahlung at a
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σp.e. = Atomic photoelectric effect (electron ejection, photon
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σRayleigh = Rayleigh (coherent) scattering–atom neither ionized nor excited
σCompton = Incoherent scattering (Compton scattering off an electron)

κnuc = Pair production, nuclear field
κe = Pair production, electron field

σg.d.r. = Photonuclear interactions, most notably the Giant Dipole
Resonance [48]. In these interactions, the target nucleus is
broken up.

27.4.3. Critical energy : An electron loses energy by bremsstrahlung at a
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Carbon (Z = 6) Lead (Z = 82)

1 MeV

1 MeV

Photo effect

Rayleigh 
scattering

photo effect Compton scattering
Pair Production

Pair 
production

Photon Total Cross Sections
Recap: photon interaction total cross-section
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Recap: photon interaction vs E and Z

• Eγ = 0.1 MeV

ü C (Z=6) Compton dominant
ü I (Z=53) Photoelectric 

dominant

• Eγ = 1 MeV
ü Compton effect is dominant

• Eγ = 10 MeV

ü C (Z=6) Compton dominant
ü I (Z=53) pair production 

dominant
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C (Z=6)

I (Z=53)



Charged-Particle
Interactions in Matter

2.2
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Energy loss by ionization: Bethe-Bloch formula
• Let’s begin by assuming “heavy” particles (M >> me)

ü Interaction is dominated by elastic collision with matter electrons…

• Bethe-Bloch formula: mean energy loss per unit of mass thickness
ü Units: MeV g-1 cm2 (multiply by density to get Mev/cm)
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K = 4π NA re
2 me c2 = 0.307 MeV g-1 cm2 

Tmax = 2mec2β2γ2/(1 + 2γ me/M + (me/M)2)
[Max. energy transfer in single collision]

z = Charge of incident particle
M = Mass of incident particle
Z = Charge number of medium
A = Atomic mass of medium
I = Mean excitation energy of medium ~ 16 Z0.9 eV
δ = Density correction [transverse extension of electric field]



Bethe-Bloch: main dependencies
• Validity: .05 < βγ < 500, e.g. M > mμ
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dE/dx falls ~ 1/β2 = kinematic factor
Slower particles feel electric force of
atomic electrons for longer time

dE/dx rises ~ ln (βγ)2 = relativistic rise 
Relativistic extension of transversal E-field, relevant for βγ > 4.  
Transversal electric field of high-energy particle increases due 
to Lorentz transform; Eγ ➙ γEγ, interaction cross section 
increases

Corrections
• low energy: shell corrections
• high energy: density corrections (polarization 

of medium generates saturation at large βγ, 
parameterized by factor δ)



Bethe-Bloch example: pions on Copper
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Units: 
MeV g-1 cm2

MIP: βγ = 3 – 4

rho_Cu = 8.94 
g/cm3

MIP looses 
~ 13 MeV/cm



Bethe-Bloch: low and high energy corrections
• Shell correction (low energy)

ü Arises if particle velocity is close to orbital 
velocity of electrons, i.e. βc ~ ve

ü Assumption that electron is at rest breaks down
ü Capture process is possible

ü Shell correction are in general small

• Density correction (high energy)
ü Polarization effect, density dependent

ü Shielding of electrical field far from particle path
ü Effectively cuts of the long range contribution

ü Leads to saturation of <dE/dx>
ü More relevant at high γ

• e.g. increased range of electric field, …
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Energy loss dependence on material properties
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6 34. Passage of Particles Through Matter
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Figure 34.2: Mean energy loss rate in liquid (bubble chamber) hydrogen, gaseous helium, carbon,
aluminum, iron, tin, and lead. Radiative e�ects, relevant for muons and pions, are not included.
These become significant for muons in iron for —“ & 1000, and at lower momenta for muons in
higher-Z absorbers. See Fig. 34.23.

34.2.4 Mean excitation energy

“The determination of the mean excitation energy is the principal non-trivial task in the eval-

uation of the Bethe stopping-power formula” [15]. Recommended values have varied substantially
with time. Estimates based on experimental stopping-power measurements for protons, deuterons,
and alpha particles and on oscillator-strength distributions and dielectric-response functions were
given in ICRU 49 [6]. See also ICRU 37 [12]. These values, shown in Fig. 34.5, have since been

1st December, 2025

• A = mass of target nucleus
• Z = charge of target nucleus

Minimum ionization
ü ~ 1-4 MeV/g cm-2

ü Example: H2 à 4 MeV/g cm-2
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Energy loss straggling: Landau distribution
• Bethe-Bloch formula gives average energy 

loss, but there can be large fluctuations
ü Energy loss ΔE in material of thickness Δx can 

be imagined as sum of energy losses 𝛿Ei in 
series of collisions

ü Energy loss 𝛿Ei distribute statistically
ü Landau distribution: probability distribution of 

energy loss in thin absorbers
• Asymmetric: long high-energy tail from rare hard 

collisions Most probable value (MPV) < mean; 
the mean is ill-defined for very thin absorbers

• Width parameter ξ sets the scale of the 
asymmetric tail of Landau distribution: long high-
energy-loss tail caused by rare hard collisions (δ-
rays)
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Energy loss straggling: Landau distribution

• Width parameter ξ sets the scale of the asymmetric tail of Landau distribution: long high-energy-loss 
tail caused by rare hard collisions (δ-rays)
ü K = 4πNA re² mec² = 0.307 MeV mol⁻¹ cm²

• Practical consequence: MIP signal in a thin detector is Landau-distributed!
ü Important for thin active layers in sampling calorimeters
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Landau distribution: an example
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3 GeV electron in thin 
gap multi wired chamber



Mean energy range
• Integrate over energy 

loss from E to 0
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R =

∫ 0

E

dE

dE/dx

• Example
ü Proton with p = 1 GeV
ü Target Pb (ρ = 11.35 g cm-2)
ü R = 200 g cm-2
ü R[cm] = R/ρ ~ 18 cm
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Figure 34.4: Range of heavy charged particles in liquid (bubble chamber) hydrogen, helium gas,
carbon, iron, and lead. For example: For a K+ whose momentum is 700 MeV/c, —“ = 1.42. For
lead we read R/M ¥ 396, and so the range is 195 g cm≠2 (17 cm).
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Energy loss of electrons
• Bethe-Bloch formula needs modification

ü Incident and target particles have same mass me

ü Scattering of identical, undistinguishable particles
• Note that energy loss of positron at low energy has (slightly) different behavior as positrons 

are not identical with electrons…
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T = kinetic energy of electron
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Energy loss of electrons vs heavy charged particles
• At high energy (β~1) energy loss for both heavy charged particles and electrons/positrons 

can be approximated
ü B factor parameterizes smaller rate of relativistic rise for electrons than for heavy particle (can 

be used to distinguish charged particles of different masses… but not in calorimeter!)
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Bremsstrahlung and Radiation Length
• Bremsstrahlung (“braking radiation”) arises if particles are accelerated in 

Coulomb field of nucleus
ü Depend on m-2 à most important for “light” particles (i.e. electrons)
ü … or ultra-relativistic ones (e.g. muons)
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• Considering electrons…
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After passage of one X0 electron has lost all but 
(1/e)th of its energy (e.g. 63%)
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Figure 34.14: Electron critical energy for the chemical elements, using Rossi’s definition [2]. The
fits shown are for solids and liquids (solid line) and gases (dashed line). The rms deviation is 2.2%
for the solids and 4.0% for the gases.

cross section [42] reduces to
d‡

dx
= A

X0NA

Ë
1 ≠ 4

3x(1 ≠ x)
È

(34.31)

in the complete-screening limit valid at high energies. Here x = E/k is the fractional energy transfer
to the pair-produced electron (or positron), and k is the incident photon energy. The cross section
is very closely related to that for bremsstrahlung, since the Feynman diagrams are variants of one
another. The cross section is of necessity symmetric between x and 1 ≠ x, as can be seen by the
solid curve in Fig. 34.18. See the review by Motz, Olsen, & Koch for a more detailed treatment [54].
Eq. (34.31) may be integrated to find the high-energy limit for the total e+e≠ pair-production cross
section:

‡ = 7
9(A/X0NA). (34.32)

Equation Eq. (34.32) is accurate to within a few percent down to energies as low as 1 GeV, partic-
ularly for high-Z materials.
34.4.6 Bremsstrahlung and pair production at very high energies

At ultrahigh energies, Eqns. 34.28–34.32 will fail because of quantum mechanical interference
between amplitudes from di�erent scattering centers. Since the longitudinal momentum transfer to
a given center is small (Ã k/E(E ≠k), in the case of bremsstrahlung), the interaction is spread over
a comparatively long distance called the formation length (Ã E(E ≠k)/k) via the uncertainty prin-
ciple. In alternate language, the formation length is the distance over which the highly relativistic
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Figure 34.13: Two definitions of the critical energy Ec.

transverse electromagnetic shower development more accurately (see below). These definitions are
illustrated in the case of copper in Fig. 34.13.

The accuracy of approximate forms for Ec has been limited by the failure to distinguish between
gases and solid or liquids, where there is a substantial di�erence in ionization at the relevant energy
because of the density e�ect. We distinguish these two cases in Fig. 34.14. Fits were also made with
functions of the form a/(Z + b)–, but – was found to be essentially unity. Since Ec also depends
on A, I, and other factors, such forms are at best approximate.

Values of Ec for both electrons and positrons in more than 300 materials at
pdg.lbl.gov/current/AtomicNuclearProperties.
34.4.5 Energy loss by photons

Contributions to the photon cross section in a light element (carbon) and a heavy element
(lead) are shown in Fig. 34.15. At low energies it is seen that the photoelectric e�ect dominates,
although Compton scattering, Rayleigh scattering, and photonuclear absorption also contribute.
The photoelectric cross section is characterized by discontinuities (absorption edges) as thresholds
for photoionization of various atomic levels are reached. Photon attenuation lengths for a variety
of elements are shown in Fig. 34.16, and data for 30 eV< k <100 GeV for all elements are available
from the web pages given in the caption. Here k is the photon energy.

The increasing domination of pair production as the energy increases is shown in Fig. 34.17.
Using approximations similar to those used to obtain Eq. (34.29), Tsai’s formula for the di�erential
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Recap: (fractional) energy loss by electrons
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Table 34.2: Tsai’s Lrad and LÕ
rad, for use in calculating the radiation

length in an element using Eq. (34.25).

Element Z Lrad LÕ
rad

H 1 5.31 6.144
He 2 4.79 5.621
Li 3 4.74 5.805
Be 4 4.71 5.924

Others > 4 ln(184.15 Z≠1/3) ln(1194 Z≠2/3)

Figure 34.11: Fractional energy loss per radiation length in lead as a function of electron or
positron energy. Electron (positron) scattering is considered as ionization when the energy loss
per collision is below 0.255 MeV, and as Møller (Bhabha) scattering when it is above. Adapted
from Fig. 3.2 from Messel and Crawford, Electron-Photon Shower Distribution Function Tables

for Lead, Copper, and Air Absorbers, Pergamon Press, 1970. Messel and Crawford use X0(Pb) =
5.82 g/cm2, but we have modified the figures to reflect the value given in the Table of Atomic and
Nuclear Properties of Materials (X0(Pb) = 6.37 g/cm2).

34.4.3 Bremsstrahlung energy loss by e±

At very high energies and except at the high-energy tip of the bremsstrahlung spectrum, the
cross section can be approximated in the “complete screening case” as [42]

d‡/dk = (1/k)4–r2
e

)
(4

3 ≠ 4
3y + y2)[Z2(Lrad ≠ f(Z)) + Z LÕ

rad] + 1
9(1 ≠ y)(Z2 + Z)

*
, (34.28)

where y = k/E is the fraction of the electron’s energy transferred to the radiated photon. At small
y (the “infrared limit”) the term on the second line ranges from 1.7% (low Z) to 2.5% (high Z) of
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Muon energy loss
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Figure 34.1: Mass stopping power (dE/dx) for positive muons in copper as a function of —“ =
p/Mc over nine orders of magnitude in momentum (12 orders of magnitude in kinetic energy).
Solid curves indicate the total stopping power. Data below the break at —“ ¥ 0.1 are taken from
ICRU 49 [6] assuming only — dependence, and data at higher energies are from [7]. Vertical bands
indicate boundaries between di�erent approximations discussed in the text. The short dotted lines
labeled “µ≠ ” illustrate the “Barkas e�ect,” the dependence of stopping power on projectile charge
at very low energies [8]. dE/dx in the radiative region is not simply a function of —.

34.2.3 Stopping power at intermediate energies

The mean rate of energy loss by moderately relativistic charged heavy particles is well described
by the “Bethe equation” [2, 4, 5, 9],

=
≠dE

dx

>
= Kz2 Z

A

1
—2

C
1
2 ln 2mec2—2“2Wmax

I2 ≠ —2 ≠ ”(—“)
2

D

. (34.5)

Eq. (34.5) is valid in the region 0.1 . —“ . 1000 with an accuracy of a few percent. At —“ ≥ 0.1
the projectile speed is comparable to atomic electron “speed,” and at —“ ≥ 1000 radiative e�ects
begin to be important (Sec. 34.6). Both limits are Z dependent. A minor dependence on M at
high energies is introduced through Wmax, but for all practical purposes the stopping power in a
given material is a function of — alone. Small corrections are discussed in Sec. 34.2.6.1,2

This is the mass stopping power ; with the symbol definitions and values given in Table 34.1,
the units are MeV g≠1cm2. As can be seen from Fig. 34.2, dE/dx defined in this way is about
the same for most materials, decreasing slowly with Z. The linear stopping power, in MeV/cm, is
fl dE/dx, where fl is the density in g/cm3.

1For incident spin 1/2 particles, (Wmax/E)2/4 is included in the square brackets. Although this correction is
within the uncertainties in the total stopping power, its inclusion avoids a systematic bias.

2In this section, “dE/dx” will be understood to mean the mass stopping power “È≠dE/dxÍ.”
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• Muon energy loss = Bethe-
Bloch for βγ > 1

• Critical energy for muons Ec𝜇 ~ 
O(100) GeV vs. few MeV for e

• In general, muons are minimum-
ionizing through whole 
calorimeter
ü But for extremely high energies 

(e.g. future colliders) one could 
do muon calorimetry
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Figure 34.24: Muon critical energy for the chemical elements, defined as the energy at which
radiative and ionization energy loss rates are equal [7]. The equality comes at a higher energy for
gases than for solids or liquids with the same atomic number because of a smaller density e�ect
reduction of the ionization losses. The fits shown in the figure exclude hydrogen. Alkali metals fall
3–4% above the fitted function, while most other solids are within 2% of the function. Among the
gases the worst fit is for radon (2.7% high).

Figure 34.25: The momentum distribution of 1 TeV/c muons after traversing 3 m of iron as
calculated by S.I. Striganov [7].
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Cherenkov radiation
• Particles moving in a medium with speed larger than speed of light in that medium 

will lose energy by emitting electromagnetic radiation
ü Charged particle polarize medium generating an electrical dipole varying in time
ü Every point in trajectory emits a spherical EM wave, waves constructively interfere…
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refractive index dielectric constant

Why Cherenkov in a 
calorimetry course? 
Relevant for dual 
readout calorimetry 
(scintillation vs. 
Cherenkov in crystals)



Cherenkov radiation

Medium n βthr θmax [β=1] Nph [eV⁻¹ cm⁻¹]

Air 1.000283 0.9997 1.36° 0.208

Isobutane 1.00127 0.9987 2.89° 0.941

Water 1.33 0.752 41.2° 160.8

Quartz 1.46 0.685 46.7° 196.4
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• Emitted photons are in optical region
ü E = 1-5 eV; λ = 300-600 nm, typically blue

• Energy loss by Cherenkov radiation very small 
ü < 1% of ionization loss for Z > 7
ü 5% for light gas
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d2N

dxdE
= ωz2 sin2 εC → 370 sin2 εC eV→1cm→1

Example: proton with Ekin = 1 GeV passing through 1 cm water

β = p/E ~ 0.875;  cosθC = 1/nβ = 0.859  → θC = 30.8°
d²N/(dEdx) = 370 sin²θ_C eV⁻¹ cm⁻¹ ~ 100 eV⁻¹ cm⁻¹

ΔE_loss = <E> · d²N/(dEdx) · ΔE · Δx 
ΔE_loss = 2.5 eV · 100 eV⁻¹ cm⁻¹ · 5 eV · 1 cm = 1.25 keV



Electromagnetic
Shower

2.3
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Electromagnetic showers
• Dominant processes at high energy:

ü Photons: pair production
ü Electrons: bremsstrahlung
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Electromagnetic showers
• Bremsstrahlung stops becoming 

dominant when E < EC
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Figure 34.13: Two definitions of the critical energy Ec.

transverse electromagnetic shower development more accurately (see below). These definitions are
illustrated in the case of copper in Fig. 34.13.

The accuracy of approximate forms for Ec has been limited by the failure to distinguish between
gases and solid or liquids, where there is a substantial di�erence in ionization at the relevant energy
because of the density e�ect. We distinguish these two cases in Fig. 34.14. Fits were also made with
functions of the form a/(Z + b)–, but – was found to be essentially unity. Since Ec also depends
on A, I, and other factors, such forms are at best approximate.

Values of Ec for both electrons and positrons in more than 300 materials at
pdg.lbl.gov/current/AtomicNuclearProperties.
34.4.5 Energy loss by photons

Contributions to the photon cross section in a light element (carbon) and a heavy element
(lead) are shown in Fig. 34.15. At low energies it is seen that the photoelectric e�ect dominates,
although Compton scattering, Rayleigh scattering, and photonuclear absorption also contribute.
The photoelectric cross section is characterized by discontinuities (absorption edges) as thresholds
for photoionization of various atomic levels are reached. Photon attenuation lengths for a variety
of elements are shown in Fig. 34.16, and data for 30 eV< k <100 GeV for all elements are available
from the web pages given in the caption. Here k is the photon energy.

The increasing domination of pair production as the energy increases is shown in Fig. 34.17.
Using approximations similar to those used to obtain Eq. (34.29), Tsai’s formula for the di�erential
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Simple shower model:
[from Heitler]

Only two dominant interactions: 
Pair production and Bremsstrahlung ...

γ + Nucleus ➛ Nucleus + e+ + e−

[Photons absorbed via pair production]

e + Nucleus ➛ Nucleus + e + γ
[Energy loss of electrons via Bremsstrahlung]

Electromagnetic Shower
[Monte Carlo Simulation]

Shower development governed by X0 ...
After a distance X0 electrons remain with 
only (1/e)th of their primary energy ...

Photon produces e+e−-pair after 9/7X0 ≈ X0 ...

Analytic Shower Model

Eγ = Ee ≈ E0/2

Simplification:

Ee ≈ E0/2

[Ee looses half the energy]

[Energy shared by e+/e–]

Assume:

E > Ec	: no energy loss by ionization/excitation

E < Ec	: energy loss only via ionization/excitation

Use

... with initial particle energy E0

Exercise: A simple shower model
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Simple shower model:
[from Heitler]

Only two dominant interactions: 
Pair production and Bremsstrahlung ...

γ + Nucleus ➛ Nucleus + e+ + e−

[Photons absorbed via pair production]

e + Nucleus ➛ Nucleus + e + γ
[Energy loss of electrons via Bremsstrahlung]

Electromagnetic Shower
[Monte Carlo Simulation]

Shower development governed by X0 ...
After a distance X0 electrons remain with 
only (1/e)th of their primary energy ...

Photon produces e+e−-pair after 9/7X0 ≈ X0 ...

Analytic Shower Model

Eγ = Ee ≈ E0/2

Simplification:

Ee ≈ E0/2

[Ee looses half the energy]

[Energy shared by e+/e–]

Assume:

E > Ec	: no energy loss by ionization/excitation

E < Ec	: energy loss only via ionization/excitation

Use

... with initial particle energy E0

• Where does the shower reach its maximum?



Exercise: A simple shower model
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t =
x

X0

N(t) = 2t

E =
E0

N(t)
= E0 · 2−t

t = log2(E0/E)

N(E0, Ec) = Nmax = 2tmax =
E0

Ec

N(E0, E1) = 2t1 = 2 log2(E0/E1) =
E0

E1

N(E0, E1) ∝ E0
tmax ∝ ln(E0/Ec)➛

Simple shower model:
[continued]

Shower characterized by:

	 Number of particles in shower
	 Location of shower maximum
	 Longitudinal shower distribution
	 Transverse shower distribution

Longitudinal components; 
measured in radiation length ...

Number of shower particles
after depth t:

... use:

Energy per particle
after depth t: 

Total number of shower particles
with energy E1:

Number of shower particles
at shower maximum:

Shower maximum at:

8.1 Electromagnetic calorimeters 231

8.1 Electromagnetic calorimeters

8.1.1 Electron–photon cascades

The dominating interaction processes for spectroscopy in the MeV energy
range are the photoelectric and Compton effect for photons and ionisa-
tion and excitation for charged particles. At high energies (higher than
100 MeV) electrons lose their energy almost exclusively by bremsstrahlung
while photons lose their energy by electron–positron pair production [1]
(see Sect. 1.2).

The radiation losses of electrons with energy E can be described by the
simplified formula:

−
(

dE

dx

)

rad
=

E

X0
, (8.1)

where X0 is the radiation length. The probability of electron–positron
pair production by photons can be expressed as

dw

dx
=

1
λprod

e−x/λprod , λprod =
9
7
X0 . (8.2)

A convenient measure to consider shower development is the distance
normalised in radiation lengths, t = x/X0.

The most important properties of electron cascades can be understood
in a very simplified model [2, 3]. Let E0 be the energy of a photon incident
on a bulk of material (Fig. 8.1).

After one radiation length the photon produces an e+e− pair; electrons
and positrons emit after another radiation length one bremsstrahlung
photon each, which again are transformed into electron–positron pairs. Let
us assume that the energy is symmetrically shared between the particles at

0

E 0 /2

E0

E 0/4 E 0/8 E 0/16

1 2 3 4 5 6 7 8 t [X0]

Fig. 8.1. Sketch of a simple model for shower parametrisation.

Analytic Shower Model
Sketch of simple
shower development

Exercise: A simple shower model
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Exercise: A simple shower model
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≈ (1 + t0) · E0

Ec
X0 ∝ E0

T =
E0

Ec
· X0 · F F < 1

T = X0

tmax−1�

µ=0

2µ + t0 · Nmax · X0

= X0 · (2tmax − 1) + t0 · E0

Ec
X0

= X0 · (2log2
E0/Ec − 1) + t0 · E0

Ec
X0

Analytic Shower Model

Simple shower model:
[continued]

Longitudinal shower distribution increases only logarithmically with the
primary energy of the incident particle ...  
Some numbers: 
 Ec ≈ 10 MeV, 
E0 = 1 GeV 
 ➛  tmax = ln 100 ≈ 4.5; Nmax = 100

 
 E0 = 100 GeV 
➛  tmax = ln 10000 ≈ 9.2; Nmax =10000

Relevant for energy measurement (e.g. via scintillation light): 
total integrated track length of all charged particles ...

with t0: range of electron with energy Ec

[given in units of X0]

Energy proportional
to track length ...

As only electrons 
contribute ...

[ with ]



Electromagnetic shower profiles (longitudinal)

6

Longitudinal Shower Shape

Depth [cm]
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 [%

]

Depth [X0]

Energy deposit of electrons as a function of depth in a 
block of copper; integrals normalized to same value

[EGS4* calculation]

Depth of shower maximum increases 
logarithmically with energy

*EGS = Electron Gamma Shower

tmax ∝ ln(E0/Ec)

EM shower longitudinal development
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Limitations of the simple shower model
• Energy dependence of the cross-section

ü Simple shower abruptly stops at tmax

• Electrons undergo multiple Coulomb scattering, affecting the lateral spread

• Difference between showers induced by γ and electrons
ü λpair = (9/7) X0

• Fluctuations: number of electrons/positrons produced not governed by Poisson statistics

• Some dependence on material makes development deviates from pure X0 scaling

• Not all energy of electrons and positrons in the shower can be detected
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EM shower: electrons vs photons

Ce = 0.5
C𝛄 = -0.5
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27 34. Passage of Particles Through Matter

34.5 Electromagnetic cascades
When a high-energy electron or photon is incident on a thick absorber, it initiates an electro-

magnetic cascade as pair production and bremsstrahlung generate more electrons and photons with
lower energy. The longitudinal development is governed by the high-energy part of the cascade,
and therefore scales as the radiation length in the material. Electron energies eventually fall below
the critical energy, and then dissipate their energy by ionization and excitation rather than by the
generation of more shower particles. In describing shower behavior, it is therefore convenient to
introduce the scale variables

t = x/X0, y = E/Ec, (34.34)

so that distance is measured in units of radiation length and energy in units of critical energy.
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Figure 34.20: An EGS4 simulation of a 30 GeV electron-induced cascade in iron. The histogram
shows fractional energy deposition per radiation length, and the curve is a gamma-function fit to
the distribution. Circles indicate the number of electrons with total energy greater than 1.5 MeV
crossing planes at X0/2 intervals (scale on right) and the squares the number of photons with
E Ø 1.5 MeV crossing the planes (scaled down to have same area as the electron distribution).

Longitudinal profiles from an EGS4 [58] simulation of a 30 GeV electron-induced cascade in
iron are shown in Fig. 34.20. The number of particles crossing a plane (very close to Rossi’s  
function [2]) is sensitive to the cuto� energy, here chosen as a total energy of 1.5 MeV for both
electrons and photons. The electron number falls o� more quickly than energy deposition. This
is because, with increasing depth, a larger fraction of the cascade energy is carried by photons.
Exactly what a calorimeter measures depends on the device, but it is not likely to be exactly
any of the profiles shown. In gas counters it may be very close to the electron number, but in
glass Cherenkov detectors and other devices with “thick” sensitive regions it is closer to the energy
deposition (total track length). In such detectors the signal is proportional to the “detectable” track
length Td, which is in general less than the total track length T . Practical devices are sensitive to

1st December, 2025
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Xmax = X0

(
ln

E0

Ec
+ Ceω

)



dE

dt
= E0 · β · (βt)α−1e−βt

Γ(α)
tmax =

α− 1
β

= ln
�

E0

Ec

�
+ Ceγ➛

Electromagnetic Shower Profile

Longitudinal profile 

dE

dt
= E0 tαe−βt
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Fig. 8.4. Longitudinal shower development of electromagnetic cascades. Top:
approximation by Formula (8.7). Bottom: Monte Carlo simulation with EGS4 for
10 GeV electron showers in aluminium, iron and lead [11].

Figure 8.6 shows the longitudinal and lateral development of a 6 GeV
electron cascade in a lead calorimeter (based on [12, 13]). The lateral width
of an electromagnetic shower increases with increasing longitudinal shower
depth. The largest part of the energy is deposited in a relatively narrow
shower core. Generally speaking, about 95% of the shower energy is con-
tained in a cylinder around the shower axis whose radius is R(95%) = 2RM
almost independently of the energy of the incident particle. The depen-
dence of the containment radius on the material is taken into account by
the critical energy and radiation length appearing in Eq. (8.11).

Parametrization:
[Longo 1975]

α,β
:
free parameters
tα
 : 
at small depth number of
	 	 secondaries increases ...	
e–βt
: 
at larger depth absorption
	 	 dominates ...

Numbers for E = 2 GeV (approximate):
α = 2, β = 0.5, tmax = α/β

More exact
[Longo 1985]

[Γ: Gamma function]

with:

[γ-induced]

[e-induced]

Ceγ = −0.5
Ceγ = −1.0

EM shower longitudinal development parameterization
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shower length

• a determines shower max 

• Shower maximum a/b - 1/b
• b nearly universal

ü b ~ 0.5 for e

Detector design remark: 
with longitudinal segments 
(e.g. ATLAS) can sample 
shower profile



Longitudinal dependence on material
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Carbon
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Uranium
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b

y = E/Ec
Figure 34.21: Fitted values of the scale factor b for energy deposition profiles obtained with EGS4
for a variety of elements for incident electrons with 1 Æ E0 Æ 100 GeV. Values obtained for incident
photons are essentially the same.

contained inside of 3.5RM , but at this radius and beyond composition e�ects become important
and the scaling with RM fails. The distributions are characterized by a narrow core, and broaden
as the shower develops. They are often represented as the sum of two Gaussians.

At high enough energies, the LPM e�ect (Sec. 34.4.6) reduces the cross sections for bremsstrahlung
and pair production, and hence can cause significant elongation of electromagnetic cascades [45].

34.6 Muon energy loss at high energy
At su�ciently high energies, radiative processes become more important than ionization for all

charged particles. For muons and pions in materials such as iron, this “critical energy” occurs at
several hundred GeV. (There is no simple scaling with particle mass, but for protons the “critical
energy” is much, much higher.) Radiative e�ects dominate the energy loss of energetic muons
found in cosmic rays or produced at the newest accelerators. These processes are characterized
by small cross sections, hard spectra, large energy fluctuations, and the associated generation
of electromagnetic and (in the case of photonuclear interactions) hadronic showers [65–73] As a
consequence, at these energies the treatment of energy loss as a uniform and continuous process is
for many purposes inadequate.

1st December, 2025

shower length• b nearly universal…



Who deposits the EM shower energy?
• Energy is deposited (in active medium) by 

low energy electrons/positrons and 
photons...
ü ~3/4 of the energy deposited by electrons 

(e±): pair-production secondaries and 
Compton photoelectrons (~half of the 
electron component)

ü ~1/4 by photons below the pair-production 
threshold (photoelectric absorption)

• These are isotropic, have forgotten direction 
of incoming particle

ü The typical shower particle is a 1 MeV 
electron, range < 1 mm

• Important consequences for sampling 
calorimetry
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Longitudinal dependence on material
• After shower maximum particle production stops

ü Electrons/positrons and photons have energies in ~5-20 MeV range (typical Ec size) of the 
ü Electrons and positrons stop quickly in layer of ~ 1 X0 (ionization loss)
ü Photons (~Nmax/3) absorbed by photo-electric effect and/or Compton
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• Absorption length: ~3λ needed to 
absorb 95% photons

• For 5-20 MeV photons λ ~ 20 g/cm2 

(approximately material independent)
• ~60 g/cm2 after shower maximum

• Aluminum X0 = 24 g/cm2 (9 cm)
ü ~2.5 X0 Al needed after tmax to absorb 

95% of initial particle energy

• Pb X0 = 6.4 g/cm2 (0.56 cm)
ü ~9.3 X0 Pb needed after tmax to absorb 

95% of initial particle energy

Interactions of Photons with Matter
24 27. Passage of particles through matter
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Figure 27.16: The photon mass attenuation length (or mean free path) λ =
1/(µ/ρ) for various elemental absorbers as a function of photon energy. The
mass attenuation coefficient is µ/ρ, where ρ is the density. The intensity I
remaining after traversal of thickness t (in mass/unit area) is given by I = I0

exp(−t/λ). The accuracy is a few percent. For a chemical compound or
mixture, 1/λeff ≈

∑
elements wZ/λZ , where wZ is the proportion by weight of

the element with atomic number Z. The processes responsible for attenuation
are given in Fig. 27.10. Since coherent processes are included, not all these
processes result in energy deposition. The data for 30 eV < E < 1 keV are
obtained from http://www-cxro.lbl.gov/optical constants (courtesy of
Eric M. Gullikson, LBNL). The data for 1 keV < E < 100 GeV are from
http://physics.nist.gov/PhysRefData, through the courtesy of John H.
Hubbell (NIST).

27.4.4. Energy loss by photons : Contributions to the photon cross section in a
light element (carbon) and a heavy element (lead) are shown in Fig. 27.14. At
low energies it is seen that the photoelectric effect dominates, although Compton
scattering, Rayleigh scattering, and photonuclear absorption also contribute. The
photoelectric cross section is characterized by discontinuities (absorption edges)
as thresholds for photoionization of various atomic levels are reached. Photon
attenuation lengths for a variety of elements are shown in Fig. 27.16, and data for
30 eV< k <100 GeV for all elements is available from the web pages given in the
caption. Here k is the photon energy.

The increasing domination of pair production as the energy increases is shown
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ω =
1

µ
=

1

nε

More X0 of Pb than Al will be needed after shower maximum to contain 95% of the shower energy!



Shower energy containment parametrisation
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t95[X0] → tmax + 0.08Z + 9.6
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Multiple scattering in EM showers

• MS model in EM shower = combination of single 
scattering part (high deflection regime) + Gaussian 
core (sum of many small-angle deflections)
ü 2% large scattering angles

ü 98% Gaussian around scattering angle 0
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• Strength of scattering ~ 1/p
ü Affect measurement of low momentum particles
ü Better to use light materials for compact showers 
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k ~ 0.038z = 1β = 1

<latexit sha1_base64="mwTNdwB90IAZI2HIhaepcqGsit8="></latexit>

→ω2k↑ =
k∑

m=1

ω2m = k→ω2↑



EM shower transverse development: Moliere radius
• High energy (early) part of the shower dominated by pair 

production (photons) and radiation (electrons)
ü Negligible opening angles

• Shower transverse size driven by the low energy part of 
the shower
ü Dominant process: multiple scattering of low energy electrons
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�θ2� ≈ (m/E)2 = 1/γ2

�
�θ2�3d ≈ 19.2 MeV/c

p

�
x

X0

RM = �θ�x=X0 · X0 ≈ 21MeV
EC

X0

⋅

Analytic Shower Model

Transverse shower development ...

16 27. Passage of particles through matter

Eq. (27.14) describes scattering from a single material, while the usual problem
involves the multiple scattering of a particle traversing many different layers and
mixtures. Since it is from a fit to a Molière distribution, it is incorrect to add the
individual θ0 contributions in quadrature; the result is systematically too small. It
is much more accurate to apply Eq. (27.14) once, after finding x and X0 for the
combined scatterer.

Lynch and Dahl have extended this phenomenological approach, fitting
Gaussian distributions to a variable fraction of the Molière distribution for
arbitrary scatterers [35], and achieve accuracies of 2% or better.

x

splane
yplane

Ψplane

θplane

x /2

Figure 27.9: Quantities used to describe multiple Coulomb scattering. The
particle is incident in the plane of the figure.

The nonprojected (space) and projected (plane) angular distributions are given
approximately by [33]

1
2π θ2

0

exp

−

θ2
space

2θ2
0


 dΩ , (27.15)

1√
2π θ0

exp

−

θ2
plane

2θ2
0


 dθplane , (27.16)

where θ is the deflection angle. In this approximation, θ2
space ≈ (θ2

plane,x + θ2
plane,y),

where the x and y axes are orthogonal to the direction of motion, and
dΩ ≈ dθplane,x dθplane,y. Deflections into θplane,x and θplane,y are independent and
identically distributed.
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Opening angle 
for bremsstrahlung and pair production

Multiple scattering
deflection angle in 2-dimensional plane ...

�θ2
k� =

k�

m=1

θ2
m = k�θ2�

Small contribution as me/Ec = 0.05

Multiple 
coulomb scattering

In 3-dimensions extra factor √2:

[β = 1]

�
�θ2� ≈ 13.6 MeV/c

p

�
x

X0

[β = 1]

Assuming the approximate range of electrons 
to be X0 yields lateral extension: R =〈θ〉X0 ...

Molière Radius; 
characterizes lateral shower spread ...
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Multiple scattering angle 
distribution (Gaussian)

2d

3d 
extra 
factor 
√2

Shower lateral profile estimate
Consider multiple scattering of e just after the 
shower maximum energies ~ Ec
Assume approximate range ~ 1 X0
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RM = →ω↑x=X0 ·X0 ↓ 21MeV

Ec
X0

Moliere radius

Containment
~90% @ R = 1 RM 
~95% @ R = 2 RM
~99% @ R = 3.5 RM



EM shower transverse profile parameterization

• Inner part: Coulomb scattering

ü Electrons and positrons move away from 
shower axis due to multiple scattering ...

• Outer part: Low energy photons
ü Photons (and electrons) produced in isotropic 

processes (Compton scattering, photo-electric 
effect) move away from shower axis; 
predominant beyond shower maximum, 
particularly in high-Z absorber media...

• Shower gets wider at larger depth
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Abbildung 8.3: Schematische Entwicklung eines elektromagnetischen Schauers

/X0z

Abbildung 8.4: Longitudinalverteilung der Energiedeposition in einem elektromagnetischen
Schauer für zwei Primärenergien der Elektronen

/r RM

Abbildung 8.5: Transversalverteilung der Energie in einem elektromagnetischen Schauer in
unterschiedlichen Tiefen gemessen

159

dE

dr
= αe−

r/RM + βe−
r/λmin

Electromagnetic Shower Profile

Transverse profile 

Parametrization:

α,β
:
free parameters
RM
 : Molière radius
λmin
: range of low energetic
	 	 photons ...

energy deposit 
[arbitrary unites]

r/RM r/RM

Inner part: coulomb scattering ...
Electrons and positrons move away
from shower axis due to multiple scattering ...

Outer part: low energy photons ...
Photons (and electrons) produced in isotropic
processes (Compton scattering, photo-electric effect) move away from
shower axis; predominant beyond shower maximum, particularly in high-Z absorber media...

Shower gets wider at larger depth ...

α, β : free parameters
RM : Molière radius
λmin : range of low energetic photons

[arbitrary unit] [arbitrary unit]
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M. Krammer: Detektoren, SS 05 Kalorimeter 36

6.2.1 Elektromagnetische Schauer
Schauerprofil – 2

Quelle: C . Grupen, Teilchendetektoren, B.I. W issenschaftsverlag, 1993

Longitudinale und transversale Schauerentwicklung einer durch 6!GeV/c Elektronen
ausgelösten elektromagnetischen Kaskade in einem Absorber aus Blei.
Bild links: lineare Skala. – Bild rechts: hablogarithmische Skala

Electromagnetic Shower Profile

M. Krammer: Detektoren, SS 05 Kalorimeter 36

6.2.1 Elektromagnetische Schauer
Schauerprofil – 2

Quelle: C . Grupen, Teilchendetektoren, B.I. W issenschaftsverlag, 1993

Longitudinale und transversale Schauerentwicklung einer durch 6!GeV/c Elektronen
ausgelösten elektromagnetischen Kaskade in einem Absorber aus Blei.

Bild links: lineare Skala. – Bild rechts: hablogarithmische Skala

    lateral shower width [X0]

    l
ongitudinal shower depth [X0]

energy deposit 
[arbitrary unites]

    lateral shower width [X0]

    l
ongitudinal shower depth [X0]

energy deposit 
[arbitrary unites]

Longitudinal and transversal shower profile
for a 6 GeV electron in lead absorber ...
[left: linear scale; right: logarithmic scale]

EM shower profile summary
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energy deposit
[arbitrary units]

energy deposit
[arbitrary units]

Low energy photons define real size of 
the shower: Compton and photon-
electric effects spread the shower further

shower increases as 
number of secondary

particles increases

early shower is compact

shower 
maximum

Low energy particles
(E<Ec) exponential fall

shower tail mainly from
low energy photons



EM shower development dependence on material
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Longitudinal Lateral

Scaling with X0 is not perfect bot for longitudinal and lateral development: particle multiplication continues up to lower 
energies in high Z material (as Ec proportional to Z-1), where Compton and photoelectron production become important: 
multiplication decreases more slowly



Response dependence on detectable energy cutoff

• When Ee < Ec electrons and positrons in shower 
don’t produce photons anymore, and begin 
(primarily) to ionize medium

• These energy deposits generate the detector 
signal, if they can get converted to something 
“readable” (e.g. light or electrical current)

• Ecutoff = minimum kinetic energy of an electron 
(positron) that can be detected in a calorimeter
ü If Ecutoff = 0 total track length is fully detected in the 

calorimeter
ü For increasing values of Ecutoff (= ε in plot) fraction F 

of total track length detected on average in fully 
contained electromagnetic shower decreases
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Total charged track length (g/cm2) ∝ X0 E0/Ec



From Particle Physics
To Calorimeter Design

2.4
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Why this physics matters: design considerations and “rules”
• The three key parameters from particle physics that drive calorimeter design

ü Radiation length X0 à sets the physical size of the EM calorimeter
ü Critical energy Ec à determines the shower energy scale and signal yield
ü Moliere radius RM à sets the transverse granularity requirement

• Design rules of thumb
ü EM calorimeter depth: 25 X0 contains >99% of EM shower energy 

• CMS ECAL: 25.8 X0 PbWO4 crystals
• ATLAS LAr: 22-26 X0 longitudinal segmentation 

ü Lateral containment: 3.5 RM contains >99% of shower energy
ü Calorimeter cell size: should be comparable to RM for good position resolution

• Issue related to poor shower containment
ü Longitudinal leakage: energy deposited beyond the back face of the calorimeter

• Leakage fluctuations directly worsen energy resolution (more on this in dedicated lecture)

ü Lateral leakage: energy deposited outside the cluster reconstruction window
• Affects energy linearity and resolution (more on this in dedicated lecture)
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Radiation length, critical energy, Moliere radius
Material X0 [cm] RM [cm] Ec [MeV] Zeff 𝜌 [g/cm³]

PbWO4 (CMS ECAL) 0.89 2.0 9.5 73 8.28

BGO (L3) 1.12 2.3 10.1 66 7.13

NaI(Tl) (Crystal Ball) 2.59 5.3 10.2 50 3.67

CsI(Tl) (BaBar) 1.85 3.7 10.4 54 4.51

LYSO 1.14 2.0 12.1 66 7.1

LAr (ATLAS) 14 9.5 31 18 1.4

LKr (NA48) 4.79 6.3 16 36 2.42

Pb 0.56 1.6 7.2 82 11.35

Fe 1.76 1.76 21 26 7.87

Cu 1.43 1.6 18.8 29 8.96

W 0.35 0.9 8 74 19.3

U 0.32 0.9 7.4 92 19.1

Scintillator (BC-408) 42.4 10.6 84 6 1.032

Si 9.4 4.9 40 14 2.33
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What did we learn today?
• Week 1 (Foundations)

üLecture 1: Why calorimetry?

üLecture 2: EM shower physics
• 2.1 Photon Interactions in Matter

– Three dominant processes (photoelectric, Compton, pair production) at different E and Z; pair production introduces radiation length 
X0 as key EM scale

• 2.2 Charged-Particle Interactions in Matter
– “Heavy” particle: mostly ionization unless ultra-relativistic
– Electrons: bremsstrahlung above Ec lead to EM shower; mostly ionization below Ec; energy-loss fluctuations (Landau distribution) 

matter for thin active layers

• 2.3 Electromagnetic Shower development
– Concurrent pair production and bremsstrahlung, both governed by radiation length
– Longitudinal depth scales logarithmically with energy; transverse size (Molière radius) energy-independent
– The devil is in the details: some deviation from simple X0 scaling to be accounted for

• 2.4 From Particle Physics To Calorimeter Design
– X0, Ec and RM have different dependence on A and Z, to be accounted for in detector design
– Shower containment rules (25 X0 depth, 3.5 RM lateral) directly constrain calorimeter geometry (TBC)
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